It is shown that the Type IIA superstring compactified on K3 has a smooth string soliton with the same zero mode structure as the heterotic string compactified on a four torus, thus providing new evidence for a conjectured exact duality between the two sixdimensional string theories. The chiral worldsheet bosons arise as zero modes of RamondRamond fields of the IIA string theory and live on a signature (20, 4) even, self-dual lattice.
Introduction
The idea that fundamental strings might be viewed as solitons is an old one dating back at least to the work of Nielsen and Olesen [1] . While past attempts to describe fundamental strings as solitons in an ordinary field theory have not been fruitful, from the current perspective one might hope to find them as solitons in another dual string theory.
Some weak evidence for such a possibility was presented in [2, 3] where certain analogies between fundamental strings and solitons were drawn.
However duality in the geometrical sense does not usually relate a fundamental string to a soliton string. A simple generalization [4] of Dirac's argument shows that, in d spacetime dimensions, a p-brane 1 is dual to a (d − p − 4)-brane (Thus in ten dimensions a fivebrane is dual to a string and should couple to the dual form of supergravity [5] .). Motivated in part by this observation it was conjectured in [6] that fivebrane solitons should be relevant for the description of the strongly coupled phase of fundamental tendimensional string (onebrane) theory. This is the natural generalization to ten-dimensional string theory of the Montonen-Olive conjecture for d = 4 Yang-Mills theory. However as very little is understood about the quantum theory of fivebranes (see [7] for a review) this conjecture is difficult to test.
Unobservability of the Dirac (d −
In six dimensions, a string is dual to a string and the prospects for a duality which can be understood concretely are much more promising [8, 9] . In addition, as discussed in [10, 8, 9] 2 , string-string duality in six dimensions can be used to deduce S-duality in four-dimensional toroidally compactified heterotic string theory, because it transforms Sduality into the perturbatively manifest T -duality of the dual theory. This is referred to as the "duality of dualities". Evidence for S-duality of the toroidally compactified heterotic string has been accumulating [11] and there have been a variety of tantalizing hints of connections between this S-duality and dualities in various dimensions involving 1 We adopt the standard terminology that a p-brane is an extended object with p spatial dimensions. 2 Reference [10] derived these results using a toroidally compactified version of string-fivebrane duality which is equivalent to string-string duality in six dimensions.
strings and/or higher p-branes [12, 13] . In [9] a coherent picture was presented of how these various dualities should be related to each other. One important lesson is that a consistent picture of strong coupling string dynamics in dimensions four through seven emerges as a consequence of a six-dimensional duality between the Type IIA string on K3 and the heterotic string on T 4 .
In this paper we shall investigate the worldsheet action for string solitons arising in several six-dimensional string theories. These string solitons are simply the fivebrane solitons of [6, 14, 15, 16] with four of their dimensions wrapped around the internal fourspace used in the compactification from ten to four dimensions, and correspond to exact conformal field theories [15] .
We first consider the nonchiral IIA theory on K3. Assuming a quantization condition on Ramond-Ramond charge, we will show that the world sheet theory of the string soliton has a chiral structure with right-moving supersymmetry. In addition to the four transverse bosonic zero modes and eight right-moving fermion zero modes there are 20 leftmoving and 4 right-moving bosonic zero modes which lie on an even, self-dual Lorentzian lattice with signature (20, 4) . This is precisely the structure of the heterotic string with a generic T 4 compactification! The soliton string couples to the dual Kalb-Ramond field and has string tension proportional to e −2φ /α ′ so that the fundamental string loop coupling constant becomes the dual worldsheet sigma-model expansion parameter [6, 17, 16] .
We will also identify closed string solitons which become massless and lead to enhanced gauge symmetries at special points in the K3 moduli space, in accord with conjectures in [13, 18, 9] .
The emergence of the heterotic string as a soliton is quite remarkable. While the existence of a rank-three field strength more or less implies the existence of string solitons in six dimensions, there is no guarantee that the effective worldsheet dynamics describe a critical string theory, let alone the intricate chiral structure of the heterotic string. It is especially striking that such a structure arises from the non-chiral IIA string.
Upon further toroidal compactification to four dimensions, the "duality of dualities"
implies that the T -duals of the BPS states [2] of our type II string soliton are the S-duals of the BPS states of the toroidally compactified heterotic string. Thus in principle our results provide the solution to the H-monopole problem, but it remains to be understood how this works in detail. We hope to report on this elsewhere.
We will also show that the worldsheet action for the chiral type IIB string compactified on T 4 is a type II string with a T 4 target space as are the string solitons of the IIA theory.
These results provide evidence in favor of (and were in part motivated by) the recent conjectures that the IIB theory is dual to itself while the IIA theory on K3 is dual to the heterotic string on T 4 [13, 9, 19] . The IIA-heterotic duality conjectures were based largely on the the earlier observation [20] that equivalence of the low-energy effective theories follows from symmetry considerations and on the consistent picture of dynamics in other dimensions that it implies. The emergence of the heterotic string as a soliton requires several "miracles" that do not follow from symmetry considerations alone and thus provides substantial new evidence for exact string-string duality. We will also find similar evidence for the conjecture [13, 21, 9 ] that eleven-dimensional supergravity is dual to the heterotic string compactified on T 3 .
While these results are intriguing, a number of puzzles remain. One of these concerns toroidally compactified heterotic strings. The conjectured six-dimensional IIA -heterotic duality suggests that the heterotic string should have a string soliton with a worldsheet which is that of a IIA theory with a K3 target. This structure does not appear to emerge in any simple way. Indeed, as pointed out in [8] , toroidal compactification of the heterotic fivebrane seems to lead to a non-critical string 3 . This puzzle is related to the H-monopole problem [23] encountered in attempts to verify four-dimensional S-duality, since the Hmonopoles arise in compactification of the six-dimensional string solitons. It seems likely that this puzzle can be addressed by a generalization of the techniques discussed here, at least at special points in the K3 moduli space.
A second puzzle is the relation of this string-string duality to the string-fivebrane duality of [6] . The fact that the string solitons are compactified fivebranes clearly suggests a connection: string-string duality may be viewed as a compactified, six-dimensional version of string-fivebrane duality. However while in six dimensions it is sensible to describe the strongly coupled dynamics by a perturbative quantization which treats the weakly-coupled string solitons as fundamental objects, it is not clear if an analogous description is sensible in ten dimensions since we do not know how to quantize fundamental fivebranes. The proper role of fivebranes in nonperturbative string dynamics thus remains a mystery.
Finally, it is worth pointing out that the proposed IIA-heterotic string duality takes the smooth soliton solution described herein into a singular solution which describes the field around a fundamental heterotic string [3] . It has been appreciated for some time that the question of the singularity of the fundamental string solution depends on the 3 Presumably of the general variety discussed in [22] .
metric used and that in the dual, or "fivebrane" metric the solution is in fact non-singular [16, 12] , in harmony with the idea that fundamental strings are solitons of a dual theory.
It has also been appreciated for some time [24] , that properties of the low-energy effective theory imply that the low-energy fields outside a heterotic string could carry long range fields corresponding to the possibility of charge excitations on the string. The key missing ingredient in these previous observations was identification of the source of these long range fields. In the present work we fill this gap by showing that the full chiral zero mode structure of the fundamental heterotic string arises directly in the dual theory through well defined, normalizable zero modes of a non-singular soliton solution. With this in hand one can quantize the solitons as elementary objects and verify that their spectrum is precisely that required for an exact string-string duality.
The organization of this paper is as follows. Section 2 contains the construction of string solitons in the Type IIA theory on T 4 and K3. We show that the heterotic string arises as a soliton in the K3 case and relate the zero mode structure to the intersection matrix of K3 and quantization of Ramond-Ramond (RR) charge. We also argue that the quantum of RR charge must have a specific value. Section 3 summarizes an analogous construction in eleven-dimensional supergravity compactified on K3. Section 4 extends these results to the Type IIB theory on T 4 by constructing string solitons with Type II worldsheets and in Section 5 we mention an extension of these solutions which follows from an SL(5, Z) duality of the Type IIB theory on T 4 . In Section 6 we summarize our results and discuss some of their implications. We point out that finite loops of soliton string carry RR charge and hence must be stable and at special points in the K3 moduli space can provide the massless states with the required degeneracies and quantum numbers needed for enhanced gauge symmetry.
Heterotic String as a Soliton in Type IIA String Theory
In ten dimensions the IIA string theory [25] contains a two-form field strength G and a four-form field strength F as well as the three-form H. The bosonic part of the low-energy action is (in sigma-model variables)
(2.1)
The spacetime of the string soliton has the form
where R 4 is the space transverse to the string and M 1,1 is the string world-sheet. The string vacuum equations of motion require that K be a Ricci-flat hyperkahler manifold,
i.e. R 4 , the four-torus T 4 or a K3 surface. We will consider the latter two possibilities (R 4 leads back to fivebranes). When necessary we will denote the coordinates on the spacetime
The string soliton solution is given by choosing a Ricci-flat hyperkahler metric on K, a flat metric on M 1,1 , and the following field configuration on the transverse space:
with all other fields vanishing. This soliton string carries the minimal "magnetic" charge
in contrast to the "electric" charge carried by the fundamental Type IIA string. Note that the solution is presented in coordinates in which the metric is asymptotic to e 2φ 0 δ µν rather than δ µν . This solution is just the "symmetric fivebrane" solution of [15, 16] (closely related solutions are discussed in [26, 6, 27, 14] ) reinterpreted as a string soliton in six dimensions, 4 In components
and as such much of the following discussion parallels that of [16] . The solution (2.3) is a gravitational analog of a Yang-Mills instanton with the generalized connection given by the sum of the spin connection and the torsion,
being an anti-self-dual SU (2) connection. The solution (2.3) is known to correspond to an exact (4, 4) superconformal field theory [15, 28] and thus is an exact classical solution of the IIA string theory.
The supersymmetry transformation laws in the soliton background are
where ψ ±M and λ ∓ are respectively the gravitinos and dilatinos and the subscript ± denotes the ten-dimensional chirality. Decomposing the ten-dimensional Lorentz group in accord with (2.2) we have SO(9, 1) → SO(4) × SO(4) × SO(1, 1) and
where subscripts refer to the the SO(4) chirality and the superscript indicates the SO(1, 1) chirality.
The vacuum configuration on T 4 preserves all of the supersymmetries (2.7) and leads to a six-dimensional theory with (2, 2) six-dimensional supersymmetry. The soliton string configuration (2.3) breaks the ǫ + supersymmetries which transform as 2 + under the second SO(4) factor and the ǫ − supersymmetries which transform as 2 − . Thus on T 4 the completely unbroken supersymmetries are 8) and the supersymmetries broken by the string soliton are
The latter lead to fermion zero modes on the string soliton.
The vacuum configuration on K3 preserves the supersymmetries (2 + , 2 + )
+ and leads to a theory with (1, 1) six-dimensional supersymmetry.
The string soliton background breaks an additional half of the supersymmetries. The completely unbroken supersymmetries are 10) while the supersymmetries unbroken by K3 but broken by the soliton string background are
These broken supersymmetries lead to 8 real supertranslation zero modes on the string [29] which are clearly chiral on the world sheet. We will refer to these as right-moving fermion zero modes. Thus the non-chiral IIA string theory when compactified on K3 leads to a chiral static worldsheet action for the string soliton.
The most obvious bosonic zero modes of the soliton string are the four translation zero modes associated to translation in the four dimensions transverse to the string. Introducing four collective coordinates X µ (σ) for these fields one finds the effective action 12) where N is a normalization factor (proportional to V K /α ′ 2 with V K the volume of K) and B is the dual Kalb-Ramond field defined by e −2φ * H = dB in six dimensions. This is a static gauge (X α = σ α ) form of the Polyakov or Nambu action. As argued in [6] (in the context of fivebranes) the powers of e −2φ are simply determined by scaling properties of the solutions under constant shifts of φ, and the coupling toB follows from the required violation of the Bianchi identity for H in the presence of the soliton string. The former statement has the immediate interesting consequence, as emphasized in [17] , that quantum corrections on the string soliton worldsheet are controlled by the loop expansion parameter of the original string theory.
The unbroken spacetime supersymmetries imply worldsheet supersymmetry [29] , which in turn requires the existence of four additional bosonic zero modes to pair with the right-moving fermion zero modes. Worldsheet supersymmetry makes no obvious prediction for left-moving bosonic zero modes. Extra bosonic zero modes arise by considering the equation for small fluctuations of the three-form potential C in the soliton background.
In ten-dimensional form this equation is
To solve this we write an ansatz
with X I a worldsheet zero mode, e 2φ(x) the background dilaton field of the string soliton and I = 1, ...b 2 with b 2 the second Betti number of K. The harmonic two-forms U I comprise an integral basis for H 2 (K, Z). Note that (2.14) is normalizable and localized near the "throat" of the string soliton. The equation of motion (2.13) then requires that X I be a free two-dimensional field and, using H = − * dφ and dH = 0, that
We use * for the ten-dimensional Hodge dual and wherever * appears acting on a form tangent to one component of the decomposition (2.2) it acts as the Hodge dual within that component.
Since the Hodge dual of a harmonic form is harmonic, the duals of the U I may be expressed as a linear combination *
where H J I depends on the moduli of K. This enables us to rewrite the constraint (2.15) as
where ∂ ± are left and right worldsheet derivatives. The fact that * * = 1 implies 18) so that H has b ± 2 eigenvalues ±1, where b ± 2 is the number of self-dual (anti-self-dual) two forms on K. 6 This corrects equation 5.10 of [16] .
An action for the X I can be obtained by dimensional reduction of the ten dimensional action (2.1). After integrating the zero mode wave functions (2.14) over K ×R 4 one obtains
where
is the intersection matrix on H 2 (K, Z). This action is of course subject to the chiral constraint (2.17). We further note that * * = 1 implies
We are still short one bosonic zero mode needed for worldsheet supersymmetry. The missing zero mode involves a combination of C and the one-form potential A whose field strength G obeys the equation of motion
A solution of (2.22) and (2.13) is given by 23) provided that X(σ) is a free two-dimensional field. This thus gives an additional (1, 1) (left,right)-moving bosonic zero mode. Note that since under abelian gauge transformations δA = dǫ and δC = −2ǫH, this zero mode is equivalent under a 'large' gauge transformation to a configuration with vanishing C. X 0 is governed by the action
Naively the worldsheet fields X I have a noncompact range, and the solitons have a continuous spectrum and pathological thermodynamics. However we believe the X I s should be periodically identified for the following reason. In ten dimensions there exists a conserved "electric" charge 25) and its "magnetic" dualq
Elementary string states do not carry this charge, but the electric (magnetic) charge is carried by black twobrane (fourbrane) solutions of the theory [30] (as well as by momentum/winding states of fivebranes). If both types of objects are included in the theory, the arguments of [4] then require that the productis quantized. We therefore assume a quantization condition 27) for some dimensionless minimal magnetic charge g 4 . g 4 does not enter in to any perturbative calculation. Later we shall fix g 4 by nonperturbative considerations.
As in ordinary electromagnetism, if the charges of all states are quantized, gauge transformations are periodic. The theory is invariant under two-form gauge transforma-
Under such a transformation a state corresponding to a minimal electrically-charged twobrane with a spatial surface Σ 2 acquires a phase
If ǫ 2 is g 4 α ′ times an element of H 2 (K, Z) this will be unity for all twobranes. We should therefore identify
for arbitrary integers n I .
For constant X I , the zero mode (2.14) is a gauge transformation with parameter
far from the soliton. The identification (2.30) therefore implies the key identification
The conditions on the X I s may look a little more familiar in terms of the rotated fields
where O is an element of SO(b 
with metric OLO T . The identifications (2.32) become
This identification defines a lattice whose vectors are Ong 4 . The inner product of two lattice vectors is
(2.37)
Properties of the intersection matrix L on H 2 (K, Z) then imply that this is an even selfdual Lorentzian lattice if and only if
We henceforth assume this to be the case.
Similar considerations suggest a quantization condition
As in the preceding this leads to the periodic identification
When the Kalb-Ramond field B is a nontrivial element of H 2 on K, the F ∧ F ∧ B term in (2.1) leads to a shift in the quantization condition. We have not worked this out in detail, but the modified quantization condition will mix up X 0 and X I , and will lead to dependence of the worldsheet theory on the moduli corresponding to B.
When the theory is reduced to six dimensions on K there are 2 + b 2 (K) U (1) gauge fields in the low-energy theory which come from Ramond-Ramond fields. One of these comes from the original U (1) field strength G. A second arises from the dual field strengtĥ * F which is a two-form in six dimensions. The other b 2 (K) gauge fields arise from writing C = U I ∧ A I with A I one-form gauge potentials in six dimensions. Since the X I at zero-momentum are pure gauge the periodicity of the X I is equivalent to saying that the six-dimensional U (1) gauge groups are compact.
We can now summarize our results for the two choices K = K3, T 4 .
K3
For K3, b
and
where Γ 8 is the Cartan matrix for E 8 . The zero modes (2.14) and (2. 
Eleven-Dimensional Supergravity
It was conjectured in [13, 21] that there should be an exact duality of elevendimensional supergravity, defined as a fundamental supermembrane theory, with the tendimensional type IIA theory. In [9] evidence for such a relation was given at the level of their low-energy effective field theories, where one can avoid the sticky issue of quantization of supermembranes. Together with other observations, this would imply a duality relating d = 11 supergravity compactified on K3 to the heterotic string compactified on T 3 . Evidence for this is provided by the fact that d = 11 supergravity compactified on K3 has string solitons whose worldsheet dynamics are precisely those of the heterotic string compactified on T 3 . This follow easily from the results of the previous section. Since the low-energy effective IIA theory was originally obtained [25] by compactification of d = 11
supergravity, the equations which must be solved are quite similar. The d = 11 theory contains a fivebrane solution [33, 16] which becomes a string when four of its dimensions wrap around the K3. One finds all the zero modes (2.14) in a nearly identical construction. The extra zero mode (2.23) is absent however because the corresponding fields arise only after reduction to d = 10. Thus one obtains the desired heterotic soliton string with bosonic fields living on a (19, 3) Lorentzian lattice. Perhaps, following the lead taken in [21] , one may view d = 11 supergravity on K3 as a consistent quantum theory whose perturbative quantization is defined by a strong-coupling expansion of quantized string solitons rather than as a weak coupling expansion of the original fields!
Type IIB String Duality
We now turn to the chiral type IIB theory [34] . In ten dimensions, the IIB theory involves a five-form field strength F which is self-dual. Because of this there is no simple covariant action for the IIB theory. The field content, equations of motion, and on-shell supersymmetry transformation laws are known and are sufficient to discuss the general properties of the solution. The bosonic fields that enter into the fermion transformation laws are (in unitary gauge [34] ), in addition to the metric and F , a complex closed threeform field strength H = dB and a complex scalar B obeying |B| < 1. The ten-dimensional supersymmetry transformation laws of the fermion fields in the soliton background are given by
where 2) in the notation of [34, 35] (with κ = 1 and Γ 11 ǫ = −ǫ). We consider this theory in the spacetime
(Soliton strings with K3 compactification are apparently non-critical strings.) For the string soliton, the non-zero components of the fields are
3φ/2 δ µν ,
The metric which appears in these equations is the "standard" general relativity metric and is related to the string sigma model metric by a factor of e −φ/2 .
For this field configuration, δψ and δλ vanish for 16 choices of the spinor ǫ. The other 16 generate 16 fermion zero modes. Worldsheet supersymmetry implies that in static gauge the number of fermi fields must be twice the number of bose fields. There are the usual four bosonic translation zero modes, but we are still short four bosonic zero modes. The four extra zero modes are contained in the excitations of antisymmetric tensor fields with the zero mode field strengths given by
where V I (W I ) comprises a harmonic basis for
For pure right or left-moving excitations the ansatz (4.5) preserves half of the supersymmetry preserved by the solution (4.4) and it is easy to check that F 0 is a self-dual five-form provided
where H I J relates the Hodge-dual and Poincare-dual bases
As before a quantization conditon on the RR charges will lead to periodic identifications of the zero modes. Equation (4.6) then gives four left-moving and four right-moving worldsheet bosons on a (4, 4) self-dual Lorentzian lattice. Unbroken worldsheet supersymmetries then relate these to both left and right-moving superpartners, and one obtains a type II worldsheet.
Extended Duality in Type II String Theories
This is not the end of the story for the IIB string. In fact there are more string solutions in six dimensions. To see this let us first go back to ten dimensions, in which there is a fundamental string solution [2, 3] with a singularity at the origin corresponding to an macroscopic fundamental string as a source.
The equations describing the low-energy effective IIB dynamics have an SU (1, 1) symmetry. As noted in [16] , charge quantization clearly forbids a continuous symmetry, but allows a discrete SL(2, Z) subgroup which was conjectured in [13] to be an exact symmetry of the ten-dimensional theory. Under this SL(2, Z) the real and imaginary parts H 1 and
with a, b, c, d ∈ Z and ad − bc = 1. Since everything transforms covariantly under these transformations one obtains new string solitons.
The usual fundamental string of [2, 3] acts as a source for the usual NS-NS Kalb-
Ramond field H 1 . Under the SL(2, Z) transformation H 1 → H 2 this transforms into a string which acts as a source for the R-R Kalb-Ramond field H 2 . This dual string is a natural candidate for a fundamental string of a strongly coupled phase of the IIB theory.
Upon toroidal reduction to six dimensions, SL(2, Z) combines with the T -duality group to give an SL(5, Z) symmetry of the equations of motion. This leads to a large multiplet of string solutions, which includes both the fundamental and solitonic type solutions.
Discussion and Conclusions
In order to put our results in proper perspective, it is useful to draw an analogy with d = 4 super Yang-Mills theory. For the case of N = 4 supersymmetries, the low-energy effective field theory is (at generic points in the moduli space) an abelian theory, and has an S-duality symmetry which exchanges weak and strong coupling. It has been conjectured [36] that this extends to an exact symmetry of the theory. If true, the conjecture implies that there are two microscopic definitions (which involve different coupling constants) of every physical theory. The symmetry would then constrain not just the leading term in the low-energy effective action, but every term in a derivative expansion of the exact theory.
A key observation [37, 38, 39] which makes this conjecture plausible is that the symmetry does extend beyond the low-energy effective action at least to the spectrum of stable BPS saturated states.
It is also true, as has recently understood in detail [40] , that for pure N = 2 Yang-Mills theory the low-energy effective field theory is (at generic points in the moduli space) an abelian theory, and has an S-duality symmetry which exchanges weak and strong coupling.
However it is not plausible, and has not been proposed, that this extends to exact symmetry of the theory (although the effective symmetry is nevertheless extremely useful). Indeed the symmetry can not even be extended to the BPS states because there are no spin one monopoles. Thus the N = 2 theory has an effective S-duality, in contrast to the N = 4 theory which may have an exact S-duality. Furthermore, when the IIA theory is strongly coupled the soliton string becomes weakly coupled and has a string tension which is much smaller than the fundamental string tension. It seems likely then that at strong coupling in the IIA theory the low-lying spectrum can be obtained by quantizing the soliton string as a weakly coupled fundamental string. This clearly leads to the detailed spectrum of BPS saturated, charged RR states which are required by string-string-duality and also to enhanced gauge symmetries at the 8 An exception to this, emphasized in [9] and implicit in [13] , is the observation that a consistent implementation of the duality of dualities requires properties of massive string states which go beyond low-energy supergravity. 9 Although this is not always the case. See for example the discussion in [41] .
special points in the K3 moduli space which map to enhanced symmetry points in the Narain moduli space. One obvious question that arises in this point of view is whether this will "double count" neutral states such as the graviton, once as excitations of the fundamental string and once as excitations of the soliton string. We believe the correct point of view is that these are two dual descriptions of the same state, analogous to the description of the photon in N = 4 Yang-Mills theory as either an "electric" neutral gauge boson at strong coupling or a "magnetic" neutral gauge boson at weak coupling.
In some sense the case for an exact six-dimensional string-string duality is even more compelling than that for an exact S-duality in N = 4, D = 4 Yang-Mills. In the latter case the spectrum of BPS states is largely fixed by supersymmetry, so there was little room for disagreement with the predictions of S-duality. In the string case supersymmetry allows infinitely many possibilities for the spectrum of the solitonic string, so the emergence of the heterotic string is quite striking.
The construction dual to the one presented here would be the construction of a IIA string on K3 as a soliton in the heterotic string on T 4 . A natural candidate exists for such a solution, it is again the symmetric fivebrane, now interpreted as a solution with non-zero gauge fields describing a Yang-Mills instanton. However at a generic point in the moduli space of heterotic strings on T 4 the gauge symmetry is U (1) 24 and there are no finite size instanton solutions, at least in the field theory limit. At points with enhanced gauge symmetry there are finite size instantons but there is no obvious sign of the K3 factor in the instanton moduli space which would be needed to give the correct IIA soliton string. This is just a higher-dimensional version of the conundrum which arises in the study of H-monopoles and S-duality in four dimensions where again a K3 factor in the instanton moduli space seems to be required for the correct counting of states [23] . This is perhaps not surprising given the fact that six-dimensional string-string duality can be related to four-dimensional S-duality. A resolution of this puzzle is likely to play an important role in a deeper understanding of duality in string theory.
In closing we mention that the six-dimensional theories have additional p-brane solitons corresponding to fivebranes which wrap around cycles of K3 or T 4 with dimension less than four. It is of interest to understand how these solitons behave under various duality transformations, and in particular which of them become light at strong coupling.
Clearly at present that duality can be best understood in those contexts that involve just strings and not other p-brane like solutions. On the other hand the close relation between six-dimensional string solutions and p-brane solutions in higher dimensions suggests that we have not yet heard the end of the story as far as p-branes are concerned. The precise interplay between the treatment of the theory in ten and six dimensions and the role, if any, played by p-branes other than strings should be fascinating.
Note Added: After completion of this work, an interesting paper appeared [42] in which the external field configuration to which charged excitations of the soliton described herein give rise was constructed by dualizing the results of [24] .
